For an oriented diagram of a link L in the 3-sphere, Cho and Murakami defined the potential function whose critical point, slightly different from the usual sense, corresponds to a boundary parabolic PSL(2, C)-representation of π 1 (S 3 \ L). They also showed that the volume and Chern-Simons invariant of such a representation can be computed from the potential function with its partial derivatives. In this paper, we extend the potential function to a PSL(2, C)-representation that is not necessarily boundary parabolic. Under a mild assumption, it leads us to a combinatorial formula for computing the volume and Chern-Simons invariant of a PSL(2, C)-representation of a closed 3-manifold.
Introduction
Let L be a link in the 3-sphere with a fixed diagram. Motivated from the paper of Yokota [11] regarding the volume conjecture, Cho and Murakami [4, 3] defined the potential function W (w 1 , · · · , w n ) satisfying the following properties: (i) a non-degenerate point w = (w 1 , · · · , w n ) ∈ (C × ) n = (C \ {0}) n satisfying exp w j ∂W ∂w j = 1 for all 1 ≤ j ≤ n
corresponds to a boundary parabolic representation ρ w : π 1 (S 3 \ L) → PSL(2, C) (we shall clarify the meaning of a non-degenerate point in Section 2); (ii) the volume and Chern-Simons invariant of ρ w are given by √ −1(Vol(ρ w ) + √ −1CS(ρ w )) ≡ W 0 (w) mod π 2 Z where the function W 0 (w 1 , · · · , w n ) is defined by
w j ∂W ∂w j log w j .
Also, Cho [2] proved that (iii) any boundary representation ρ : π 1 (S 3 \ L) → PSL(2, C) which does not send a meridian of each component of L to the identity matrix is detected by W , i.e. there exists a non-degenerate point w ∈ (C × ) n satisfying the equation (1) such that the corresponding representation ρ w agrees with ρ up to conjugation.
Main aim of this paper is to extend the potential function to a representation that is not necessarily boundary parabolic. Precisely, we define a generalized potential function W(w, m) = W(w 1 , · · · , w n , m 1 , · · · , m h ), where h is the number of the components of L, and show that it satisfies analogous properties, Theorems 1.1, 1.2 and 1.3, to the potential function W .
Main theorems
We here give an overview of our main theorems. We enumerate the components of L by 1 ≤ i ≤ h and let µ i and λ i be a meridian and the canonical longitude of each component, respectively. We remark that such a non-degenerate point (w, m) can be explicitly constructed from a given representation ρ. See Examples 4.3 and 4.4. We also stress that the assumption on SL(2, C)-lifting does not restrict too many cases. For instance, if tr(ρ(µ i )) = 0 for all 1 ≤ i ≤ h, then ρ admits a lifting. In particular, any boundary parabolic representation has a lifting. Also, if L is a knot, then any representation ρ : π 1 (S 3 \ L) → PSL(2, C) admits a lifting.
Let M = S 3 \ ν(L) be the link exterior where ν(L) denotes a tubular neighborhood of L. For κ = (κ 1 , · · · , κ h ) ∈ (Q ∪ {∞}) h we denote by M κ the manifold obtained by Dehn filling along the slope κ i on each boundary torus of M . Here κ i = ∞ means that we do not fill the corresponding boundary torus.
Let ρ : π 1 (M κ ) → PSL(2, C) be a representation. If M κ has non-empty boundary, i.e. κ i = ∞ for some i, we shall assume that ρ is boundary parabolic so that the volume and Chern-Simons invariant of ρ are well-defined. We refer [6] for details. Regarding ρ as a representation from π 1 (M ) by compositing the inclusion
where r i and s i are coprime integers. If we assume that ρ : π 1 (M ) → PSL(2, C) admits a SL(2, C)-lifting and ρ(µ i ) = ±I for all 1 ≤ i ≤ h, then by Theorems 1.1 and 1.2 there exists a non-degenerate point (w, m) 2 such that ρ w,m = ρ up to conjugation where m i is an eigenvalue of ρ(µ i ). It follows from the equation (3) that for κ i = ∞ we have m ri i l si i = ±1 and thus r i log m i + s i log l i ≡ 0 in modulo π √ −1 where l i is an eigenvalue ρ(λ i ). From coprimeness of the pair (r i , s i ), there are integers u i and v i satisfying
Theorem 1.3. The volume and Chern-Simons invariant of ρ :
where the function W 0 (w 1 , · · · , w n , m 1 , · · · , m h ) is defined by
Organization of the paper
The paper is organized as follows. In Section 2, we give a definition of a generalized potential function and prove Theorem 1.1. We present main computation of the proof in Section 2.1. In Section 3, we recall the notion of a deformed Ptolemy assignment [12] , which is a main ingredient of this paper. We then prove Theorems 1.2 and 1.3 in Sections 3.1 and 4, respectively. We also present some examples that show how our theorems work in practical computation at the end of the paper.
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Potential functions
Let L be a link in S 3 with h components. Throughout the paper, we fix an oriented diagram, denoted also by L, of L. We assume that every component of L has at least one over-passing crossing and at least one under-passing crossing. This can be achieved by applying Reidemeister moves, if necessary. We denote the number of the regions of L by n.
We assign a complex variable w j (1 ≤ j ≤ n) to each region of L and let w = (w 1 , · · · , w n ). We also assign a complex variable m i (1 ≤ i ≤ h) to each component of L and let m = (m 1 , · · · , m h ). For notational simplicity, we enumerate a region and a component of L by the index of the variables assigned to them. For a crossing, say c, of L we define
for Figure 1 (a) and
for Figure 1(b) . Recall that the dilogarithm function is given by Li 2 (z) = − z 0 log (1−t) t dt. See, for instance, [13] . We then define the generalized potential function
where the sum is over all crossings of L. Here and throughout the paper, we fix a branch of the logarithm; for actual computation we will use the principal branch having the imaginary part in the interval (−π, π]. 
(ii) A point (w, m) is said to be non-degenerated if the following five values are not 1 at each crossing of L: up to sign for all 1 ≤ i ≤ h. Here µ i denotes a meridian of the i-th component of L.
Proof of Theorem 2.3
Recall that we fixed a diagram of L such that every component has at least one overpassing crossing and at least one under-passing crossing. Hence the space S 3 \(L∪{p, q}) decomposes into ideal octahedra (one per crossing) where p = q ∈ S 3 are two points not in L. We denote by O this octahedral decomposition. It was introduced in [9] and can be found in several articles, such as [11, 10, 2, 7] . Following [2] , we subdivide each ideal octahedron into five ideal tetrahedra as in Figures 3 and 4 and denote by T the resulting ideal triangulation of S 3 \ (L ∪ {p, q}). Recall that an ideal tetrahedron with mutually distinct vertices z 0 , z 1 , z 2 , z 3 ∈ ∂H 3 = C ∪ {∞} is determined up to isometry by the cross-ratio
where the cross-ratio at each edge is given by one of z, z = (5) guarantees that these tetrahedra are non-degenerated. The product of the cross-ratios around each of edges that are created to divide the octahedra into tetrahedra is 1 : up to conjugation as a holonomy representation. Note that a similar computation can be found in [2] and [7] Recall that L has n regions, so n − 2 crossings. It thus has n − 2 over-arcs and n − 2 under-arcs. Here an over (resp., under)-arc is a maximal part of L that does not under (resp., over)-pass a crossing. See Figure 5 . Recall also that the octahedral decomposition O has 3n − 4 edges; (i) n regional edges corresponding to the regions; (ii) n − 2 over-edges corresponding to the over-arcs; (iii) n − 2 under-edges corresponding to the under-arcs. We refer [7, §3] for details.
Suppose an over-arc of L over-passes m crossings as in Figure 5 (a). Then around the corresponding over-edge, there are 4m + 2 cross-ratios; each of the over-passed crossings contributes 4 cross-ratios, and two crossings coming from the ends of the over-arc respectively contributes one cross-ratio (cf. Figure 10 in [7] ). The product of these cross-ratios 
for Figure 5 (a). Similarly, the product of cross-ratios around an under-edge is 1 :
Suppose a region of L has m crossings (or corners). The corresponding regional edge is represented by a horizontal edge of the octahedron at each of these crossings. Therefore, there are 3m cross-ratios around the regional edge. See Figures 3 and 4 that three cross-ratios are attached to each horizontal edge. Let τ c,j be the product of crossratios coming from a crossing c and attached to the regional edge corresponding to the j-th region. Then it is clear that the product of the cross-ratios around the regional edge corresponding to the j-th region is given by
where the product is over all crossings appeared in the j-th region. On the other hand, τ -values can be directly computed as follows from the cross-ratios given in Figures 3 and 4 :
for Figure 1 (b). Furthermore, a straightforward computation shows that
holds for any crossing c and any region. It thus follows from the equation (2) that the τ -product in the equation (6) is 1, i.e. the product of the cross-ratios around each regional edges is 1.
Remark 2.4. Rewriting the equation (4) as the equation (6), one can checked that the equation (4) is invariant under change
We finally claim that the eigenvalues of ρ w,m (µ i ) are m i and m
−1
i . Since we assume that each component of L has at least one over-passing crossing and at least one underpassing crossing, it contains a local diagram as in Figure 6 (left). Then a meridian µ i (up to base point) passes through two ideal tetrahedra coming from the ends as in Figure  6 (middle). Therefore, the scaling factor of the holonomy action for µ i is given by the product of two cross-ratios
It follows that the eigenvalues of ρ w,m (µ i ) ∈ PSL(2, C) are m i and m 
Deformed Ptolemy assignments
Let us briefly recall the notion of a deformed Ptolemy assignment [12] , which is the key ingredient for proving Theorems 1.2 and 1.3.
We let T be an ideal triangulation of S 3 \ (L ∪ {p, q}) given in Section 2. Replacing each ideal tetrahedron of T by a truncated tetrahedron, we obtain a compact 3-manifold, say N , whose interior is homeomorphic to S 3 \ (L ∪ {p, q}). Here a truncated tetrahedron is a polyhedron obtained from a tetrahedron by chopping off a small neighborhood of each vertex; see Figure 7 . Note that the boundary ∂N is triangulated and is consisted of h tori with two spheres. We denote by N i and ∂N i the set of the oriented i-cells (unoriented when i = 0) of N and ∂N , respectively. We call an 1-cell of ∂N a short edge and call an 1-cell of N not in ∂N a long edge.
An assignment σ :
for all e ∈ ∂N 1 ; (ii) σ(e 1 )σ(e 2 )σ(e 3 ) = 1 whenever e 1 , e 2 , and e 3 bound, respecting an orientation, a 2-cell in ∂N . Here −e denote the same 1-cell e with its opposite orientation. A cocycle σ :
For notational simplicity we denote all of such homomorphisms by σ.
We denote by T 1 the set of the oriented 1-cells of T and identify each edge of T with a long-edge of N in a natural way (as in Figure 7 ).
Definition 3.1 ([12]
). For a given cocycle σ :
for all e ∈ T 1 and
for each ideal tetrahedron ∆ of T. Here l i 's denote 1-cells of ∆ and s ij denotes the 1-cell in ∂N ∩ ∆ running from l i to l j as in Figure 7 . It is proved in [12] that a σ-deformed Ptolemy assignment c corresponds to an assignment φ : N 1 → SL(2, C) satisfying cocycle condition. It thus corresponds to a representation ρ c : π 1 (N ) → SL(2, C) up to conjugation. The cocycle φ can be explicitly given as follows:
where the index k is chosen so that l k and s ij lie on the same 2-cell. Also, c determinesthe cross-ratio of each ideal tetrahedron of T. See Proposition 2.14 in [12] . For instance, the cross-ratio at l 3 in Figure 7 is given by
We remark that these cross-ratios are non-degenerate (i.e. not 0, 1, ∞) and they satisfy the gluing equations for T such that the holonomy representation coincides with ρ c . We refer [12] for details.
The following proposition shows how a σ-deformed Ptolemy assignment is related to the w and m in Section 2. Recall that T has n regional edges, each of which corresponds to a region of L. We orient these edges so that their initial points are the same (see Figures 8 and 10 ), and denote them by e j (1 ≤ j ≤ n) according to the index of regions. Note that these edges appear as horizontal edges of an octahedron as in Figure 8 (cf. Figure 1 ). Proposition 3.2. Let σ : ∂N 1 → C × be a cocycle that is trivial on the sphere components. Then for any σ-deformed Ptolemy assignment c :
is a non-degenerate solution such that ρ w,m coincides with ρ c , viewed as a PSL(2, C)-representation, up to conjugation.
Proof. At each crossing of L, we denote edges of T as in Figure 8 . We orient these edges so that they coherent with the vertex-ordering given as in Figure 8 . Recall that h 2 and h 4 are identified in T and so are h 2 and h 4 . We denote by s ij (resp., s ij ) the short-edge running from h i to h j (resp., h i to h j ). For instance, s 42 and s 42 are short-edges winding the over-arc and under-arc, respectively. Applying Proposition 2.14 of [12] , the cross-ratio at h 1 in Figure 8 
.
By the cross-ratio at h 1 , we mean the cross-ratio at l 3 with respect to the tetrahedron chosen as in Figure 3 . We use terms the cross-ratios at h
,
The proposition directly follows from comparing the above cross-ratios with the crossratios given in Figure 3 and 4. We remark again that the above cross-ratios are nondegenerate and satisfy the gluing equations for T.
For a representation ρ : π 1 (N ) → SL(2, C), we say that a cocycle σ :
up to conjugation for all γ ∈ π 1 (Σ) and for any component Σ of ∂N . Here ρ| Σ : π 1 (Σ) → SL(2, C) means the restriction. Since every component Σ of ∂N is either a sphere or a torus, the restriction ρ| Σ is reducible. Therefore, for any representation ρ there exists a cocycle σ associated to ρ. A proof of Theorem 3.3 is essentially also given in [5, §4] (see also [2] ). The proof given in [5] assume that ρ is a (lifting of) boundary parabolic representation, but this is not actually required in the proof. For completeness of the paper, we present a detailed proof of Theorem 3.3 in Section 3.1. Proof. For each sphere component Σ of ∂N , the restriction ρ| Σ : π 1 (Σ) → SL(2, C) is clearly trivial. Thus one can choose an associated cocycle σ such that it is trivial on the sphere components. Then the proof directly follows from Proposition 3.2 and Theorem 3.3.
Proof of Theorem 3.3
For simplicity we may assume that a given cocycle σ : ∂N 1 → C × is trivial on the sphere components. Let N be the universal cover of N . We lift σ to ∂ N , and denote the resulting cocycle also by σ :
for all s ∈ ∂ N 1 where v 1 and v 2 are the initial and terminal vertices of s, respectively.
We remark that a decoration exists, since a given cocycle σ is associated to ρ. For a decoration D we define c :
for e ∈ T 1 where v 1 and v 2 are the initial and terminal vertices of any lifting of e, viewed as a long edge of N , respectively. Note that c(e) does not depend on the choice of a lifting of e, since D is ρ-equivariant. Also, note that c(−e) = −c(e) for all e ∈ T 1 .
Proposition 3.6. If c(e) = 0 for all e ∈ T 1 , then c :
Proof. Let us choose a lifting of an ideal triangulation ∆ of T. We denote the edges of its truncation as in Definition 3.1; l i denotes a long-edge and s ij denotes the short edge running from l i to l j . We also denote the initial and terminal vertices of l i by v i and v i , respectively as in Figure 9 . 
Applying the Plucker relation to
By construction of c, it is equivalent to
Therefore, c :
Therefore, it is enough to claim that there exists a decoration D such that the induced assignment c : T 1 → C satisfies c(e) = 0 for all e ∈ T 1 . We first consider the regional edges e 1 , · · · , e n of T. We choose a lifting, e j , of each e j so that their terminal point agree as in Figure 10 . Let v 0 k and v 1 k be the initial and terminal points of e j , viewed as an edge of N , respectively. Since σ : ∂N 1 → C × is trivial on the sphere components, we have
for some g ∈ π 1 (N ). From elementary covering theory one can check that if e j ∪ e k wraps an arc of K, then the loop g should be the Wirtinger generator corresponding to the arc; see Figure 10 . For simplicity we let
Note that c(e j ) = 0 if and only if det(W, V j ) = 0.
We then consider the edges of T that intersect ν(L). Let us consider an ideal triangle (with edges denoted by x, y, e k ) in S 3 \ (L ∪ {p, q}) together with its lifting (with edges denoted by x, y, e k ) as in Figure 10 . Let v x and v y be the initial vertices of x and y, again viewed as edges of N , respectively. Then for the Wirtinger generator g, we have We finally consider an edge of T that joins q to itself. Let us consider an ideal triangle (with edges denoted by e j , e k , z) in S 3 \ (L ∪ {p, q}) together with its lifting (with edges denoted by e j , e k , z) as in Figure 11 . It follows that c(z) = 0 if and only if det(V j , V k ) = det(ρ(g)V k , V k ) = 0 (recall the equation (7)). It is equivalent to the condition that V k is not an eigenvector of ρ(g). Similarly, for an edge z of T that joins p to itself, we conclude that c(z) = 0 if and only if W is not an eigenvector of ρ(g). 
Volume and Chern-Simons invariant
We devote this section to prove Theorem 1.3. For convenience of the reader, let us recall the theorem.
We fix a meridian µ i and let λ i be the canonical longitude of each component of a link L.
h we denote by M κ the manifold obtained by Dehn filling along the slope κ i on each boundary torus M = S 3 \ ν(L), where κ i = ∞ means that we do not fill the corresponding boundary torus.
Let ρ : π 1 (M κ ) → PSL(2, C) be a representation. If M κ has non-empty boundary, we assume that ρ is boundary parabolic so that the volume and Chern-Simons invariant of ρ are well-defined. Regarding ρ as a representation from π 1 (M ) by compositing the inclusion 
Theorem 4.1 (Theorem 1.3) . The volume and Chern-Simons invariant of ρ :
Proof of Theorem 4.1
We assign a vertex-ordering of each tetrahedron ∆ of T as in Figure 8 . Note that these orderings agree on the common faces, so we may orient every edge of T with respect to this vertex-ordering. We say that ∆ is positively oriented if the orientation of ∆ induced from the vertex-ordering agrees with the orientation of N , and ∆ is negatively oriented, otherwise. We let ∆ = ±1 according to this orientation of ∆.
Let ρ : π 1 (N ) → SL(2, C) be a lifting of ρ and σ : ∂N 1 → C × be a cocycle assoicated to ρ which is trivial on the sphere components. From the equation (8) we have
It is showed in [12] (seee Proposition 3.12 in [12] ) that there exists a cocycle a : ∂N 1 → C such that (i) a(e) ≡ log σ(e) in modulo π √ −1Z for all e ∈ ∂N 1 ; (ii) a is trivial on the sphere components; (iii) the induced homomorphism a satisfies
The equation (9) tells us that r i a(µ i ) + s i a(λ i ) = 0 for all κ i = ∞. On the other hand, by Theorem 3.3 there exists a σ-deformed Ptolemy assignment c :
For each ideal tetrahedron ∆ (with edges denoted as in Figure 7 ) of T, we let
if ∆ = −1, and let R(∆) := R(z; p, q) where R is the extended Rogers dilogarithm [8] defined by
It is proved in [12] (see Theorem 3.4 and Remark 3.5 in [12] ) that
where the sum is over all tetrahedra ∆ of T. We refer [12] for details. Therefore, it is enough to show that the right-hand side of the equation (10) is equal to W 0 (w, m) in modulo π 2 Z. Let us first consdier a crossing of L as in Figure 1(a) . At this crossing, we denote edges of T as in Figure 8 (a). We also denote by ∆ 1 the tetrahedron corresponding to the edge h 1 as in Figure 3 , and denote similarly for h 3 , h 5 , h 1 , and h 3 . It is not hard to check that ∆ 1 = ∆ 5 = ∆1 = 1 and ∆ 3 = ∆3 = −1. A straightforward computation gives
Since log wm m β wj ≡ log w m − log w j − a(µ β ) in modulo 2π
in modulo π 2 Z. We similarly compute the Rogers dilogarithm terms for other tetrahedra 16 and obtain :
Rearranging the last five lines appropriately, we obtain
Note that in the above computation, log c(h 5 )-and log c(h 5 )-terms vanish, and we replace a(s 41 ) and a(s 43 ) by a(µ α )+a(s 21 ) and a(µ α )+a(s 23 ), respectively. We compute similarly for a crossing as in Figure 1 (b) and obtain:
As one can see, we divide the Rogers dilogarithm terms coming from a crossing into 5 parts: A, B, C, D, and E-parts.
Let us first consider A-parts. If we use the equality
then one can directly check that the sum of A-parts over all crossings is equal to
For D-parts, the sum of − Proof. Let e be an over edge of T with the corresponding over-arc of L as in Figure 5(a) . Note that the edge e appears as h 1 at the initial crossing, as h 3 at the terminal crossing, and as h 2 = h 4 at the intermediate crossings. Then, in the sum of B-parts, log c(e)-terms appear exactly at these crossings and their sum is given by 1 2 log c(e) (−log w j1 + log w j2 − a(µ i )) + (log w j1 − log w j2 − log w j3 + log w j4 ) + · · · + (log w j2m−1 − log w j2m − log w j2m+1 + log w j2m+2 ) + (log w j2m+1 − log w j2m+2 + a(µ i )) = 0.
Note that changing orientations that are not specified in the local diagram dose not change the computation. We compute similarly for an under edge of T, and complete the proof.
We omit a proof the fact that the sum of D-parts and E-parts are respectively zero, since it can be checked combinatorially as in Lemma 4.2.
Recall that we have a(µ i ) = 0 for κ i = ∞ and r i a(µ i ) + s i a(λ i ) = 0 for κ i = ∞. It thus follows that the sum of A-and D-parts over all crossings is equal to W 0 (w, m). This completes the proof, since the sums of B-, C-, and E-parts are all zero. If we consider the We remark that the representation ρ is in fact (a lifting of) the geometric representation for the obtained from the figure-eight knot exterior. We let (u, v) = (−2, 0) so that 2 log m + 3 log l + π √ −1(2u + 3v) = 0.
We now consider the vectors V j 's, each of which corresponds to a region, as in Section 3.1. Recall that these vectors satisfy the condition
at each arc as in Figure 13 . (cf. region coloring in [1, 2] .) Note that they are welldetermined whenever an initial vector is chosen arbitrarily. For instance, if we choose We also choose another vector W almost arbitrarily; for instance, we let W = 
